Cogging torque exists between rotor mounted permanent magnets and stator teeth due to magnetic attraction and this is an undesired phenomenon which produces output ripple, vibration and noise in machines. The purpose of this paper is to study the existence and effects of cogging torque, and to present a novel, rapid, half magnet pole pair technique for forecasting and evaluating cogging torque. The technique uses the finite element method as well as Matlab research and development oriented software tools to reduce numerous computing jobs and simulation time. An example of a rotor-skewed structure used to reduce cogging torque of permanent magnet synchronous machines is evaluated and compared with a conventional analysis method for the same motor to verify the effectiveness of the proposed approach. The novel method is proved valuable and suitable for large-capacity machine design.
Introduction
Permanent magnet synchronous machines (PMSMs) are less noisy, highly efficient and have long life spans. Differences in permeability between the permanent magnet and the rotor magnetic core structure form an apparent protruding magnetic field distribution, which in turn produces the reluctance torque during synchronous operation. It has been used in a wide variety of industrial
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application systems, such as aviation, electrical vehicles, home appliances, and high precision control instruments [1] [2] [3] [4] . But in some cases cogging torque appears due to the spatial periodicity of the magnetic structure [5] .
Cogging torque, a periodic oscillation torque, is due to energy variation within a motor as the rotor turns, even if there is no current in the windings [6, 7] , with the tendency of the rotor field to align with the stator poles. The combination of cogging torque and torque ripple causes unstable torque pulsation [8, 9] , which results in additional and undesired vibration and noise during machine operation [10] . Thus, when PMSMs are used in high-accuracy position control and/or constant speed control, such as in robots and hard disk machine drives, one must solve the cogging torque problem [11] . The precise analysis and evaluation of the cogging torque needs numerous detailed partitioned meshes when applying the finite element method (FEM) because the magnetic flux density distribution varies drastically in the air-gap of PMSM. However, this requires excessive computing time and memory size, which are unacceptable for the design and performance improvement of large machines or machines with a large number of poles and slots.
Reduction of cogging torque has been done in many ways for a long time, such as skewing rotor and/or stator slot positions, modification of slot-opening width, fractional-slot stator, notches on the stator face, uneven distribution of stator slots, changes in the ratio of stator alveolar position, the size or width of magnets, as well as changes in the magnetization direction of the magnetic pole, asymmetrical structures arrangement of rotor poles, increase in the number of slots per pole, and others [12] [13] [14] [15] [16] . However, as the related publications appeared in the literature are concerned, the comparisons between the aforementioned methods the studies on their effectiveness are insufficient so far.
The goal of this paper is to study the occurrence of cogging torque, and to propose a novel rapid method, the so-called half magnetic pole pair (HMPP) analysis, for forecasting and evaluating the cogging torque. In accordance with the method, first the permanent magnet of a rotor is geometrically partitioned into regions of interest for a subsequent Maxwell-2D analysis run by FEM. Calculation of the cogging torque with Matlab is then conducted. The process is executed, and total analysis time is much shorter than that of conventional techniques. Rotor skewed structures have been examined for small as well as large PMSMs to demonstrate the effectiveness of the proposed method.
The paper is organized as follows: Section 2 introduces the existence and evaluation technique of cogging torque theoretically; Section 3 presents the principle of the HMPP analysis for evaluating cogging torque, and uses a PMSM to demonstrate the method; Section 4 applies the novel HMPP method to analyze and predict the cogging torque of a multi-pole and slotted, large-capacity wind generator using the skewed technique directly to reduce the cogging torque. Finally, conclusions are presented in Section 5.
Derivation of Cogging Torque
Hanselman described that PMSM can be modeled by a permanent magnet and an exciting coil. The electromagnetic torque in PMSM includes cogging torque and a correction component. In a magnetic circuit composed of a permanent magnet and an exciting coil, the co-energy is shown in Equation (1), where the first to third terms correspond to the co-energies of the self-inductance, the permanent magnet, and that due to mutual flux, respectively [8] . The electromagnetic torque T can then be derived by differentiating the magnetic field energy W or total co-energy W c with respect to mechanical angle, as is shown in Equation (2) 
where ℜ and m ℜ are the reluctances seen by the magneto-motive-force source and the magnetic field, respectively; while m φ is the magnetic flux of the magnet linking the exciting coil.
By substituting (1) into (2), the torque can then be calculated as:
The second term in (3) is proportional to the square of the magnetic flux and is not a function of the polarity of the flux, whereas the negative sign represents that the inductance and reluctance are inversely proportional, i.e., 2 / m L N = ℜ . Since the coil inductance is constant, independent of the rotating position θ, in case of lacking any exciting current, 0 i = , only the second term will be present in (3). Thus one can evaluate the cogging torque by focusing on the magnetic interaction as well as the reluctance change between the coil and magnet, which yields:
It is seen from (4) that the cogging torque is determined by the air-gap g φ and the variation of reluctance in the magnetic circuit with the rotating displacement. That is, cogging torque appears whenever magnet flux travels through a varying reluctance. For a geometrically symmetrical structured permanent magnet motor, cogging torque represents a periodical waveform distribution with respect to the mechanical degrees of rotation. As given in (5), the period of cogging torque in mechanical degrees is determined through dividing 360°, the overall circular mechanical degrees in space, by the least common multiple of the magnetic pole number N P and the slot number N S of the PMSM. Physically, cogging torque exists and causes a jogging and unsmooth motion when the shaft is rotated manually even if the PMSM has not been activated [11] . That is why the cogging torque had better be minimized during the motor design process. Equation (5) will be applied in Section 3 for determining the period of the cogging torque:
Principle of HMPP Analysis for Evaluating Cogging Torque
In this section, first the derivation and formulation of HMPP together with an example will be given to explain the evaluation procedure. The analytical model for cogging torque of HMPP is then simulated and compared with conventional methods. By skewing the rotor structures, the cogging torque in machines can be reduced greatly, and thus can be implemented conveniently in manufacturing.
Definition of HMPP and Reproduction of the Cogging Torque
Analysis of the magnetic circuit requires only two adjacent half poles of the different magnetic pole faces in a rotor, because the magnetic flux travels from the rotor surface through the air-gap, the magnetic silicon steel in the stator, the air-gap, and then back to the rotor to form a complete closed-loop, as shown in Figure 1(a) . Therefore, the PMSM rotor magnet under investigation, after even partitioning, could be modeled to consist of two adjacent half magnets, resulting in a half magnetic pole pair. Only half of the original volume is required for FEM, such as the region enclosed by the solid-lines, including the corresponding air-gap region of Figure 1 After proper partitioning, one can use the professional software Maxwell-2D based on FEM to find the cogging torque waveform that occurs when the HMPP completes a slot pitch rotation, 360°/N S , and to store the parameter data as tables.
The angular displacement for each HMPP is 360°/N P in mechanical degrees, while the mechanical angle between adjacent teeth slots is 360°/N S . The difference between these two parameters is defined as the accumulated angle of the cogging torque, δ θ . Thus: ( ) 360 360 360
If P N and S N have the biggest common factor k, let P N kX = and S N kY = , then:
and the n-th accumulated angle for the HMPP is:
Obviously, the cogging torque will repeat periodically with lcm(N P , N S ) cycles per revolution or period in mechanical angle θ cog-period . The cogging torque analysis needs only to focus on the HMPP travelling in a slot pitch for every accumulated angle to simulate the magnetic interaction between each HMPP and stator teeth, that is, one just needs to calculate each corresponding accumulated angle θ δ , of total order N P /k over the (N P /k) × θ δ regions. The total number of accumulated calculations can be determined from slot pitch and accumulated angle, 360°/N S /θ δ . Then each accumulated angle and a typical cogging torque numerical data set for a HMPP gained earlier by Maxwell-2D software are fed into the Matlab tool software. By means of Simulink and module blocks built in Matlab, one can superimpose the corresponding cogging torque due to each accumulated angle and multiply it by k to reproduce a complete true cogging torque contributed by the permanent magnets and the teeth in the stator. Sometimes the analysis and calculation work using traditional FEM can be reduced for symmetrical structure machines, but the full model simulation is needed for asymmetrical structures. However the HMPP analysis requires only focusing on (N P /k) × θ δ regions, instead of the full motor, resulting in a noticeable reduction both in calculation work and execution time.
Finite Element Method of HMPP in Cogging Torque Analysis
FEM is widely used in the design of electrical machines. In FEM, one can first determine the required accuracy and the corresponding number of nodes, connected lines and analysis meshes. FEM calculation is then executed for each mesh to yield performance values such as magnetic density, torque, etc. [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . An example is shown in Figure 2 . Here a 10-pole, 12-slot PMSM having 1000 mm axial length of inner rotor is set up from laminating steel sheets, and stator windings are connected for three-phase operation. First, the least common multiple, lcm (12, 10) , is 60 and the period of the cogging torque is 6°. In using Maxwell-2D for the finite element analysis of the PMSM under consideration, Natural and Neumann boundaries are usually given as default boundary conditions, where Natural boundaries are assigned to the surfaces between objects, while Neumann boundaries are assigned to the outside edges of the problem region. In this example, the surfaces between core steel and air are assigned, resulting in Neumann boundaries. On the other hand, the surface between permanent magnets and core steels in the rotor are specified as the Natural boundaries. The flux plot from finite element analysis of HMPP using Maxwell-2D shown in Figure 3 verifies the aforementioned argument concerning boundary conditions. 
The resulting cogging torque waveform distributions from Maxwell-2D differ only slightly in peak values. Thus one could pick any group of HMPP and its corresponding torque waveform in Figure 4 as the basic HMPP and torque waveform. In this paper, Figure 4 (a) is chosen to proceed the following-up calculation, i.e., rotate the HMPP and torque waveform obtained from 0° to 180° for every 360°/N S , in this case 30 mechanical degrees, to get six repeated waveforms as shown in Figure 5 (a). Finally, the individual cogging torque distributions are combined using Matlab to attain the complete cogging torque produced by the first HMPP. Details are given in the next paragraph.
In this example, the accumulated angle θ δ in Equation (6) is 6°, the biggest common factor k is 2, X = 5, and Y = 6. Although there exists 10 groups of HMPP, indeed, as indicated above, the cogging torque waveform will repeat for every 30° mechanical degrees as can be seen from Figure 5 (a), with the peak values of 1.4 Nm and −1.35 Nm in magnitude. Thus only five accumulated mechanical angles, i.e., 0°, 6°, 12°, 18° and 24°, should be carried out using the Matlab calculation as shown in Figure 5 (b) and Table 1 . In addition, it is obvious from Table 1 that one only has to double the cogging torque to produce the complete cycle of the resultant cogging torque due to 10 accumulated angles. The result is given in Figure 6 (a). Figure 6(a) shows the cogging torque experienced when the rotor rotates through 1/10 of a complete revolution in space (60 cycles of cogging torque in 360 mechanical degrees), which covers 36° and represents six cycles. On the other hand, the originally designed rotor structure is simulated to obtain the cogging torque by directly using FEM under the full-machine model. The total execution time for the cogging torque evaluation takes 15 min to finish with the peak-to-peak value of 1.7 Nm. Under all the same machine parameters, the proposed method takes only 10 min, saving a third of the above calculation time, and the peak-to-peak value is 2 Nm. It is obvious in Figure 6 (a) that both waveforms represent periodical varying characteristic, with little deviation in magnitude from each other.
Skewing the rotor is one of many effective ways to reduce cogging torque. The rotor is divided into several cylindrical segments of equal length. When adjacent segments are rotated on their axis by a constant angle [3, [27] [28] [29] , the period of the cogging torque can be determined from Equation (5) . If the machine has a two-segment rotor structure, the skew angle displacement of one-half cogging torque period is the best angle to reduce the cogging torque [28] . This will further be verified by the proposed approach to show the effectiveness of the method. Figure 6 (b) shows a two-segment rotor structure made by skewing the rotor with a one-half cogging torque period given by Equation (5), in this example, three mechanical degrees. The corresponding two cogging torques with a counter-acting effect are given in Figure 6 (c), resulting in a very small overall cogging torque with the peak-to-peak value of 0.05 Nm. There is a noticeable reduction of 97.5% with respect to the 2 Nm value obtained from the proposed HMPP analysis. A significant improvement benefit using skewing rotor has been proved quantitatively. It thus is an effective way to minimize the undesirable cogging torque.
Therefore, the novel method proposed is favorable for evaluating the existence and influence of cogging torque, especially for large-scale rotating machines or wind turbine generators, which are usually designed with a large number of poles and slots. The evaluating process is very fast and the total operation time to analyze can be lessened, taking only 2/3 as much time as full model calculation in traditional FEM analysis as mentioned above. This is a very useful and timesaving calculation method.
Application of the Novel HMPP Method to Analysis of Wind Generator
Most software available today was developed based on medium and/or small-capacity machines, and cannot simulate corresponding performances of large-capacity wind generators with many poles and slots. The undesired phenomena, including cogging torque, should be analyzed and evaluated quantitatively in order to pursue effective techniques to minimize any disadvantageous problems. As an example, a wind generator with 100-pole, 96-slot, 60 mm stacked length, and the relevant specifications of the generator listed in Table 2 , cannot be simulated with commercial software to get its operational performance. Figure 7 shows the stator and rotor structure after partitioning the geometric structure into HMPP for the novel (Maxwell-2D+Matlab) analysis. The meshes partitioned based on the FEM technique have been given serious and detailed consideration to yield precise analysis of the stator and rotor, resulting in data every 0.005° on average for one iterative calculation. The pole pitch of every HMPP is 3.6°, while the teeth slot pitch is 3.75°. That is, the second group of HMPP is positioned 3.6° away from the first group of HMPP, and the second group of HMPP is leading the corresponding second group of stator teeth by an accumulated angle of 0.15°. Thus, the analysis is focused on every 3.75 mechanical degrees (0.15 × 100/4) so that only 25 calculations are needed as shown in Table 3 . Figure 8 shows that the basic cogging torque chosen from a HMPP group rotating through 15° and analyzed by Maxwell-2D has a peak-to-peak value of 4.8 Nm. Now let the typical cogging torque be a basis, shift the basis according to the accumulated angles θ δ given in Table 3 , and then superimpose with the data Matlab manipulation. The resultant waveform is given in Figure 9 , which shows the true complete cogging torque waveform of the wind generator with a peak-to-peak value of 0.054 Nm. The total time used for the computer analysis is 60 min. After skewing the rotor with a one-half cogging torque period given by Equation (5), the peak-to-peak value of the cogging torque is 0.0007 Nm and a 98.7% reduction in cogging torque is obtained; thereby an effective mean for minimizing cogging torque can be evaluated and verified. Table 4 lists the analysis results using the novel HMPP method proposed in this paper. The traditional FEM analysis cannot be executed due to the limited meshes used by the Maxwell-2D software, although many more meshes with a very expensive and supercomputer could be used. Thus, conventionally there is no way to foresee or evaluate the magnitude of cogging torque and its impact on large-capacity machines. The novel HMPP method proposed in this paper takes less than 60 min with pronounced improvement prediction of the cogging torque. In addition, one can find and verify the effectiveness for every possible means to improve the operational characteristics, which were not executable before.
Conclusions
In this paper, a novel and fast HMPP design evaluation technique has been proposed. The method is set up by combining FEM and Matlab software, and it provides a rapid evaluation tool for analyzing the cogging torque quantitatively. The results are reasonable and acceptable, both in execution time and accuracy. By using the HMPP method, designers can anticipate the distribution of cogging torque and verify the effectiveness of possible techniques for reducing cogging torque, which was impossible before, especially for the analysis of large machines or machines with a large number of poles and slots. Examples of skew rotors are examined in this paper to justify the feasibility of the proposed method for calculating and reducing cogging torque.
